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Example. Find all Nash equilibria (pure and mixed) of the following 2x3 game:

Player 2
Player 1 L M R
T 7,2 2,7 3,6
B 2,7 7,2 4,5

It is easy to see that this game has no pure-strategy equilibria (2's best response to Tis M, but T is not 1's best
response to M; and 2's best response to B is L, but B is not 1's best response to L).

This eliminates the six cases where each player's support is just one action.

Furthermore, when either player is restricted to just one action, the other player always has a unique best
response, and so there are no equilibria where only one player randomizes.

That is, both players must have at least two actions in the support of any equilibrium.

Thus, we must search for equilibria where the support of player 1's randomized strategy is {T,B}, and the
support of player 2's randomized strategy is {L,M,R} or {M,R} or {L,M} or {L.R}.

We consider these alternative supports in this order.

Guess support is {T.B} for 1 and {I. M.R} for 27

We may denote 1's strategy by p[T]+(1-p)[B] and 2's strategy by q[L]+(1 —-q-1)[M]+r[R],

that is p=0,(T), 1-p = 0,(B), q=0y(L), r = 05(R), 1-g-r = g,(M).

Player 1 randomizing over {T,B} requires w; = Euy(T|o,) = Eu;(B|oy),

and so w; =7q+2(1-q-1)+3r= 2q+7(1—-q-r)tdr.

Player 2 randomizing over {L,M,R} requires w, =Euy(L|0;)= Eu,(M|0,) = Eu,(R|0)),

and so w, =2p+7(1-p) =Tp+2(1-p) = 6p+5(1-p).

We have three equations for three unknowns (p,q,r), but they have no solution (as the two indifference
equations for player 2 imply both p=1/2 and p = 3/4, which is impossible).

Thus there is no equilibrium with this support.

Guess support is {T.B} for 1 and {M.R} for 27

We may denote 1's strategy by p[T]+(1-p)[B] and 2's strategy by (1-D[M]+r[R]. (g=0)

Player 1 randomizing over {T,B} requires w; = Eu,(T|o,) = Euy(B |oy), s0 wy =2(1-r)t3r= 7(1-r)+4r.
Player 2 randomizing over {M,R} requires w, = Eu,(M|0;) =Eu,(R|0}), so w, = Tp+2(1-p) = 6p+5(1-p).
These solution for these two equations in two unknowns is p=3/4 and r=5/4.

But this solution would yield o,(M) = I-r=-1/4 <0, and so there is no equilibrium with this support.
(Notice: if player 2 never chose L then T would be dominated by B for player 1.)

Guess support is {T.B} for 1 and {L. M} for 27

We may denote 1's strategy by p[T1+(1-p)[B] and 2's strategy by q[L]+(1 -q)[M].. (=0)

Player 1 randomizing over {T,B} requires w; = Eul(Tl 0,) = Eu;(Blo,), so w; = 7q+2(1-q) =2g+7(1-q).

Player 2 randomizing over {L,M} requires w, = Euy(L|0}) = Eu,(M|0y)), so wyp = 2p+7(1-p) = Tp+2(1-p).

These solution for these two equations in two unknowns is p=1/2 and q=1/2, with w; = 4.5 = w,.

This solution yields nonnegative probabilities for all actions.

But we also need to check that player 2 would not prefer deviating outside her support to R.

However Eu,(R|o;)=6p+5(1-p) =6x1/2+5x1/2=5.5>w,; = Euy(L|o;) =2x1/24+7x1/2 = 4.5.

So there is no equilibrium with this support.

Guess support is {T.B} for | and {L.R} for2?

We may denote 1's strategy by p[T]+(1-p)[B] and 2's strategy by glLI+(1-@R]. =1-q)

Player 1 randomizing over {T,B} requires w; = Eu,(T|o,) = Eu(B |0,), so wy=7q+3(1-q)= 2q+4(1-q).
Player 2 randomizing over {L,R} requires w, =Euy(L|o,) = Eu,(R|0)), s0 W, =2p+7(1-p)=6p+5(1-p).
These solution for these two equations in two unknowns is p=1/3 and q=1/6.

This solution yields nonnegative probabilities for all actions.

We also need to check that player 2 would not prefer deviating outside her support to M;

w, = Euy,(M|o,) = 7p+2(1-p) = 7x1/3+2x2/3 = 11/3 <EBu,y(L|o}) = 2x1/3+7x2/3 = 16/3.

Thus, we have an equilibrium with this support: ((1/3)[T]+(2/3)[B], (1/6)[L}+(5/6)IR]).

The expected payoffs in this equilibrium are w;=Eu; = 7x1/6+3%5/6 = 2x1/6+4x5/6 = 11/3 =3.667

and w, =Eu, =2x1/3+7x2/3 = 6x1/3+5%2/3 = 16/3 = 5.333.
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